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Abstract
Lees, and independently Hill, described an irreducible character of GLn(Z/phZ) for h > 1, which
is an analogue of the Steinberg character in the h = 1 case. We give a new construction of this
analogue. In particular, we prove that it is induced from the Steinberg character of an appropriate
parabolic subgroup. Further, we use this to show that it has a characterisation identical to that given
by Curtis to the Steinberg character.
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1. Introduction
In 1951 Steinberg [8] determined all of the irreducible representations of the general
linear group over a finite field which appeared as constituents of the permutation repre-
sentation over the subgroup of upper triangular matrices. One of these representations,
now called the Steinberg representation, was of particular interest as its dimension was
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constructed a representation with this same property for the classical groups [9] and then
the Chevalley groups [10] over finite fields. Finally, in 1966, Curtis [2] gave a descrip-
tion of an irreducible character for finite groups with BN -pair which was afforded by the
Steinberg representation in the case of finite groups of Lie type. This character had both an
expression as an alternating sum and also a characterisation which were given in terms of
permutation characters over parabolic subgroups.
In this paper we will be concerned with an irreducible character Sth of the group
GLn(Z/phZ), for some prime p and integer h > 1, which is an analogue of the Steinberg
character in the h = 1 case. More generally, we will consider G = GLn(o/ph) where o is
the ring of integers of a non-archimedean local field K with prime ideal p and finite residue
class field F = o/p. One reason that the representation theory of the finite group G is of
interest is its close connection to the representation theory of GLn(o) and thus GLn(K) [1].
The analogue of the Steinberg character was first defined by Lees in his PhD the-
sis [4]. He considered a simplicial complex similar to the combinatorial building given
by Solomon [7], and the analogue was then the character afforded by the top homology
space of this complex. An immediate consequence of this construction was that it had an
expression as an alternating sum of permutation characters similar to Curtis’ formula for
the Steinberg character. Then, in 1995, Hill [3] gave an independent description of the
same analogue. Hill was primarily concerned with regular characters and a version of the
Gelfand–Graev character Γ0 for G. As in the standard case, the analogue of the Steinberg
character was then the unique common constituent of Γ0 and the permutation character
over B , the subgroup of upper triangular matrices, and consequently the unique regular
character in (1B)G.
We will give a new construction of the analogue. This begins in Section 3 with a dis-
cussion of certain subgroups of G which we will refer to as “parabolic subgroups,” even
though for h > 1 they are not associated to any BN -pair in G. In Section 4 we construct
an idempotent using these parabolic subgroups and define Sth to be the character afforded
by the module the idempotent generates. Further, we show that this character has an ex-
pression as an alternating sum of permutation characters over parabolic subgroups which
is identical to that obtained by Lees.
It can immediately be seen from this construction that Sth is induced from a character
χ of a certain parabolic subgroup H of G. In Section 5 we show that B forms part of a
BN -pair for H when q = 2 with χ as its Steinberg character, and that B is normal in H
when q = 2 with χ being inflated from the sign character of the Coxeter group H/B .
We then investigate the induced character χG further, by examining the Clifford theory
of χ in Section 6 and the double-coset structure of G in Section 7. Thus in Section 8 we
are able to give a characterisation of Sth in terms of permutation characters over parabolic
subgroups which is identical to Curtis’ characterisation of the Steinberg character.
2. Definitions and standard results
Let K be a non-archimedean local field with ring of integers o. Setting p to be the
prime ideal of o, we assume that its residue class field F = o/p is finite of order q . For a
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local, principal ideal ring and has a unique maximal ideal m = p/ph. Thus, if π denotes
the generator of m, every ideal of R is of the form ma = πaR for some 0  a  h. In
particular, mh−1 = πh−1R is the unique minimal non-zero ideal of R and has the property
that (mh−1)2 = 0.
We will be concerned with G = GLn(R), the group of n × n invertible matrices with
entries in R, and its subgroup of upper triangular matrices
B = {[ri,j ] ∈ G: ri,j = 0 for i > j}.
While B is not itself a Borel subgroup of G, it arises by reducing the integral points of a
Borel subgroup of GLn(K) modulo πh. Thus, if we consider the subgroups of diagonal
matrices
T = {[ri,j ] ∈ G: ri,j = 0 for i = j}
and of upper unitriangular matrices
U = {[ri,j ] ∈ B: ri,i = 1 for all i},
we obtain the decomposition B = T U from the corresponding decomposition in GLn(K).
For later use we also define the subgroup of lower unitriangular matrices
U− = {[ri,j ] ∈ G: ri,j = 0 for i < j and rk,k = 1 for all k}.
The group G also inherits the root structure of GLn(K). For i = j , define the monomor-
phism xi,j : R+ → G by
xi,j (r) = 1 + rei,j ,
where ei,j denotes the matrix with 1 in the (i, j)th entry and 0 elsewhere. Further, for each
i we will need the monomorphism yi : R× → G given by
yi(s) = 1 + (s − 1)ei,i .
As in the h = 1 case, each element u ∈ U can be expressed as a product of the form
u =∏i<j xi,j (ri,j ) for some ri,j ∈ R. Moreover, this expression is unique provided that
we take the product in some arbitrary but fixed order. To avoid ambiguity we choose the
ordering where (i, j) < (k, l) if j < l or if j = l and i > k. We then obtain the following
explicit decompositions.
P.S. Campbell / Journal of Algebra 282 (2004) 368–385 371Lemma 1.
(i) Let u = [ri,j ] ∈ U , then u =∏i<j xi,j (ri,j ) where the product is taken in descending
order.
(ii) Let u = [ri,j ] ∈ U−, then u =∏i>j xi,j (ri,j ) where the product is taken in ascending
order.
(iii) Let t = [ri,j ] ∈ T , then t =∏ni=1 yi(ri,i ).
The elements xi,j (r) also satisfy the usual commutator relations. Here we use the com-
mutator [a, b] = aba−1b−1.
Lemma 2. For each r, s ∈ R, i = j , and k = l,
[
xi,j (r), xk,l(s)
]=


1, if i = l, j = k;
xi,l(rs), if i = l, j = k;
xk,j (−rs), if i = l, j = k;
yl(1 + rs)yk(1 − rs)xk,l
(
rs2
)
, if i = l, j = k, r2s = 0.
The general formula for the commutator [xi,j (r), xj,i(s)] will not be needed. For the
elements yk(s) we have the following additional relations.
Lemma 3. For each r ∈ R, s ∈ R×, i = j and k,
[
xi,j (r), yk(s)
]=


1, if i = k, j = k;
xi,j
(
r(1 − s)), if i = k;
xi,j
(
r
(
1 − s−1)), if j = k.
Further, for each r, s ∈ R× and i, k we have [yi(r), yk(s)] = 1.
In addition, let W denote the subgroup of permutation matrices identified with the sym-
metric group on n letters. Then W acts on the elements xi,j (r) and yk(s) in the usual
manner.
Lemma 4. For each w ∈ W , r ∈ R and i = j we have wxi,j (r)w−1 = xw(i),w(j)(r). Fur-
ther, for each w ∈ W , s ∈ R× and k we obtain wyk(s)w−1 = yw(k)(s).
Finally, the natural homomorphism η : R → F gives rise to a homomorphism of groups
η : G → GLn(F ) with kernel
K1 =
{[ri,j ] ∈ G: ri,i ∈ 1 + m and rj,k ∈ m for j = k}.
This allows us to compute the order of G and its subgroup B .
Lemma 5.
(i) |G| = qn2h−n(n+1)/2∏nk=1(qk − 1);
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(iii) [G : B] = qn(n−1)(h−1)/2∏n−1k=1(qk + qk−1 + · · · + q + 1).
3. Parabolic subgroups of G
The alternating sum formula for the Steinberg character and its characterisation given
by Curtis [2] were both in terms of permutation characters over parabolic subgroups. We
therefore begin our construction by defining the concept of a parabolic subgroup in our
situation.
A subgroup P of G is parabolic if it is of the form
P = {[ri,j ] ∈ G: ri,j ∈ mai,j for i > j} (1)
for some 0 ai,j  h where we take m0 = R.
Remark 6. The natural action of G on Rn clearly gives an action on the set of flags F =
(0 ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vk ⊆ Rn) consisting of R-submodules of Rn. In the case where
h = 1 the parabolic subgroups of GLn(F ) arise as the stabilisers of such flags and so we
consider the situation where h > 1.
For each subset J = {j1, . . . , jk} ⊆ S = {1, . . . , n− 1} with j1 < · · ·< jk define the flag
FJ = (0 ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vk ⊆ Rn) where for each i we take the free R-submodule of
rank ji
Vi = R ⊕ · · · ⊕R︸ ︷︷ ︸
ji
⊕ 0 ⊕ · · · ⊕ 0.
The stabiliser PJ = StatG(FJ ) is then a “standard parabolic subgroup” in the sense of [4]
and is obtained by reducing the integral points of a parabolic subgroup of G(K) mod-
ulo πh.
More generally, suppose that P is a subgroup of G which has the form in (1). If we
consider the flag F = (0 ⊆ V1 ⊆ V2 ⊆ · · · ⊆ Vn−1 ⊆ Rn) where for each i we take the,
now not necessarily free, R-submodule
Vi = R ⊕ · · · ⊕R︸ ︷︷ ︸
i
⊕ mai+1,i ⊕ · · · ⊕ man,i ,
then we find that StatG(F) = P . Indeed, when q = 2 every subgroup containing B can be
obtained in this way [5].
In particular, for each 1 k  n− 1 define the parabolic subgroup
Hk =
{[ri,j ] ∈ G: rk+1,k ∈ mh−1 and ri,j = 0 for i > j otherwise}.
Lemma 7. H1, . . . ,Hn−1 are the minimal parabolic subgroups of G strictly containing B .
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G which strictly contains B . Therefore, let P be a minimal parabolic subgroup strictly
containing B . First note that, since P is parabolic with P = B , we must have xi,j (πa) ∈ P
for some i > j and 0  a < h. Suppose that i = j + 1. We either have a = h − 1, which
gives xj+1,j (πh−1) ∈ P , or a < h − 1, which implies that yj+1(1 − πh−1−a) ∈ B and so
[
xj+1,j
(
πa
)
, yj+1
(
1 − πh−1−a)]= xj+1,j (πh−1) ∈ P.
Similarly, if i = j + 1 then xj+1,i(−πh−1−a) ∈ B with
[
xi,j
(
πa
)
, xj+1,i
(−πh−1−a)]= xj+1,j(πh−1) ∈ P.
Hence Hj  P , since P is parabolic, and thus by minimality P = Hj . 
The next easily verifiable result gives a description of the parabolic subgroup Hk in
terms of its right B-cosets.
Lemma 8. For each k, the subgroup Hk can be expressed as the disjoint union
Hk =
⋃˙
r∈mh−1
Bxk+1,k(r).
As an immediate consequence we have the following important result.
Lemma 9. HiHj = HjHi for each i, j .
Proof. By Lemma 8,
HiHj =
⋃
r,s∈mh−1
Bxi+1,i(r)xj+1,j (s) =
⋃
r,s∈mh−1
Bxj+1,j (s)xi+1,i(r) = HjHi
as (mh−1)2 = 0 implies that [xi+1,i(r), xj+1,j (s)] = 1 for each r, s ∈ mh−1. 
Finally, set H∅ = B and, for each subset J = {j1, . . . , jk} ⊆ S = {1, . . . , n − 1}, define
HJ = 〈Hj1, . . . ,Hjk 〉. By Lemma 9, we know that HJ = Hj1 · · ·Hjk , and so Lemma 8
gives
HJ =
⋃˙
r1,...,rk∈mh−1
Bxj1+1,j1(r1) · · ·xjk+1,jk (rk).
Thus, HJ must be the parabolic subgroup
HJ =
{[ri,j ] ∈ G: rj+1,j ∈ mh−1 for j ∈ J and rk,l = 0 for other k > l}.
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For each subgroup H of G define Ĥ to be the idempotent
Ĥ = 1|H |
∑
h∈H
h
in the group ring CG and recall that the permutation module CGĤ gives rise to the per-
mutation character (1H)G.
Definition 10. The analogue of the Steinberg character Sth is the character afforded by the
module CGe where
e =
∑
J⊆S
(−1)|J |ĤJ .
The element e will play the role of the idempotent eχ in [2].
Lemma 11. e is an idempotent.
Proof. Lemma 9 implies that HIHJ = HI∪J and so ĤI ĤJ = ĤI∪J for each I, J ⊆ S.
Thus,
ĤI e =
∑
J⊆S
(−1)|J |ĤI ĤJ =
∑
J⊆S
(−1)|J |ĤI∪J = 0
for each ∅ = I ⊆ S and
Ĥ∅e =
∑
J⊆S
(−1)|J |Ĥ∅ĤJ =
∑
J⊆S
(−1)|J |ĤJ = e
for I = ∅. Consequently,
e2 =
∑
I⊆S
(−1)|I |ĤI e = Ĥ∅e = e. 
The first property of CGe to note is that it is the complement in the permutation module
over B of the sum of the permutation modules over the parabolic subgroups Hk .
Lemma 12. CGB̂ = CGe ⊕ (CGĤ1 + · · · + CGĤn−1).
Proof. From the proof of Lemma 11 we know that Ĥie = 0 for each i and so
CGe ∩ (CGĤ1 + · · · + CGĤn−1) = 0.
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CGB̂ = CGe + (CGĤ1 + · · · + CGĤn−1). 
We will now use this to show that Sth can be expressed as an alternating sum of
permutation characters. However, we need to consider the more general setting of an ar-
bitrary finite group G with subgroups H1, . . . ,Hk such that HiHj = HjHi for each i, j .
Again, we set H∅ = H1 ∩ · · · ∩Hk and, for each J = {j1, . . . , jl} ⊆ S = {1, . . . , k}, define
HJ = 〈Hj1 , . . . ,Hjl 〉 = Hj1 · · ·Hjl .
In this situation the corresponding permutation modules satisfy the following distribu-
tive law.
Lemma 13. (CGĤ1 + · · · + CGĤk−1)∩ CGĤk = CGĤ{1,k} + · · · + CGĤ{k−1,k}.
Proof. First note that CGĤ{i,k} ⊆ CGĤk for each i and so therefore we must have
(CGĤ1 + · · · + CGĤk−1) ∩ CGĤk ⊇ CGĤ{1,k} + · · · + CGĤ{k−1,k}. Now, consider an
element m ∈ (CGĤ1 + · · · + CGĤk−1) ∩ CGĤk so that m = r1Ĥ1 + · · · + rk−1Ĥk−1 for
some ri ∈ CG and also m = mĤk . Then, since ĤiĤk = Ĥ{i,k} for each i , we see that
m = mĤk = r1Ĥ1Ĥk + · · · + rk−1Ĥk−1Ĥk = r1Ĥ{1,k} + · · · + rk−1Ĥ{k−1,k}.
Hence
(CGĤ1 + · · · + CGĤk−1)∩ CGĤk ⊆ CGĤ{1,k} + · · · + CGĤ{k−1,k}. 
Consequently, the sum of the permutation modules can be shown to have a character
which is expressible as an alternating sum of permutation characters.
Proposition 14. CGĤ1 + · · · + CGĤk affords the character∑
∅=J⊆S
(−1)|J |−1(1HJ )G.
Proof. We proceed by induction on k. The result is clearly true when k = 1 since CGĤ1
affords the permutation character (1H1)G, so assume that it is true for k − 1. Now,
CGĤ1 + · · · + CGĤk = (CGĤ1 + · · · + CGĤk−1)⊕M,
where
CGĤk = M ⊕ (CGĤ1 + · · · + CGĤk−1)∩ CGĤk.
By induction, we see that CGĤ1 + · · · + CGĤk−1 gives the character∑
(−1)|J |−1(1HJ )G. (2)
∅=J⊆{1,...,k−1}
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∅=J⊆{1,...,k−1}
(−1)|J |−1(1HJ∪{k})G
and thus M affords
(1Hk)
G −
∑
∅=J⊆{1,...,k−1}
(−1)|J |−1(1HJ∪{k})G =
∑
k∈J⊆S
(−1)|J |−1(1HJ )G. (3)
Hence the character given by CGĤ1 + · · · + CGĤk must be the sum of the characters (2)
and (3), i.e., the character ∑
∅=J⊆S
(−1)|J |−1(1HJ )G. 
Returning to the situation of G = GLn(R) with its parabolic subgroups H1, . . . ,Hn−1
we see that the desired expression for the analogue of the Steinberg character is an imme-
diate consequence of Lemma 12 and Proposition 14.
Corollary 15. Sth =∑J⊆S(−1)|J |(1HJ )G.
Remark 16.
(i) If we apply the definition of the parabolic subgroups Hi in the case where h = 1,
then we obtain exactly the minimal standard parabolic subgroups of GLn(F ) strictly
containing the Borel subgroup B . Thus, the subgroups HJ give the standard parabolic
subgroups of GLn(F ) and the expression for Sth as an alternating sum of permutation
characters reduces to Curtis’ formula [2] for the Steinberg character.
(ii) The expression Lees found [4, Corollary 3.23] for the character afforded by the top
homology space of his combinatorial building for G is identical to the formula for Sth
in Corollary 15. Thus, Sth and the analogue of the Steinberg character considered by
Lees must be the same.
5. Induction from a Steinberg character
Let H denote the parabolic subgroup HS , so that
H = {[ri,j ] ∈ G: rk+1,k ∈ mh−1 for each k and ri,j = 0 for other i > j}.
We may repeat the construction from the previous section where we instead consider the
parabolic subgroups Hk as subgroups of H . This implies that the module CHe affords the
character
χ =
∑
(−1)|J |(1HJ )H
J⊆S
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character of H , at least when q = 2. To show this we need to prove that B forms part of a
BN -pair for H .
If for each 1 i  n − 1 we set
σi =


(−1)i−1Ii−1
(−1)i−1 0
πh−1 (−1)i
(−1)iIn−1−i

 ,
then it is easy to check that σ 2i = 1 and σiσj = σjσi for each i, j . Thus, writing ω∅ = 1
and ωJ = σj1 · · ·σjk for each J = {j1, . . . , jk} ⊆ S, we see that
N = 〈σ1, . . . , σn−1〉 = {ωJ : J ⊆ S}.
The group N will play both the role of N in the BN -pair for H and also the Weyl group
with the σi as its generating involutions. In particular, this means that although the Weyl
group in the usual BN -pair for GLn(F ) is a symmetric group, in the case where h > 1 and
q = 2 the Weyl group for H is elementary abelian.
Lemma 17. H = 〈B,N〉.
Proof. Fix i and consider xi+1,i(r) for each r ∈ mh−1. If r = 0 then we have xi+1,i(r) = 1,
so suppose that r = 0 and thus r = πh−1s for some s ∈ R×. Setting
t =
[
(−1)i−1Ii 0
0 sIn−i
]
and t ′ =
[
Ii 0
0 (−1)is−1In−i
]
,
we see that tσi t ′ = xi+1,i(πh−1s) = xi+1,i(r) and therefore xi+1,i(r) ∈ 〈B,N〉. Hence,
Hi  〈B,N〉 for each i and so 〈B,N〉 = H . 
To show that B and N form a BN -pair for H we also need to prove two results regarding
the double-coset structure of H .
Proposition 18. σiBωJ ⊆ BωJB ∪BσiωJB for any i and J ⊆ S.
Proof. Let b ∈ B and suppose that i /∈ J . Then, since σib ∈ Hi with σib /∈ B , we may write
σib = b′xi+1,i(r) for some r ∈ πh−1R×. If we define t and t ′ as in the proof of Lemma 17,
then [t, σj ] = [t ′, σj ] = 1 for each j ∈ J and therefore
σibωJ = b′xi+1,i(r)ωJ = b′tσi t ′ωJ = b′tσiωJ t ′ ∈ BσiωJB.
Now, suppose that i ∈ J . In particular, this implies that ωJ = σiωJ−{i}. Since σibσi ∈ Hi ,
we have σibσi = b′xi+1,i(r) for some r ∈ mh−1. If r = 0, then σibσi = b′ and
σibωJ = σibσiωJ−{i} = b′ωJ−{i} = b′σiωJ ∈ BσiωJB.
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σibωJ = b′xi+1,i(r)ωJ−{i} = b′tσi t ′ωJ−{i} = b′tσiωJ−{i}t ′ = b′tωJ t ′ ∈ BωJB.
Hence σibωJ ⊆ BωJB ∪BσiωJB for each b ∈ B . 
Lemma 19. If q = 2, then σiBσi = B for any i .
Proof. Suppose that q = 2, then there is an s ∈ R× with 1 − s ∈ R×. Thus yi+1(s) ∈ B is
such that [xi+1,i(πh−1), yi+1(s)] = xi+1,i(πh−1(1 − s)) /∈ B . Consequently, if t and t ′ are
as in the proof of Lemma 17, setting b = (t ′)−1yi+1(s)t ′, we obtain b ∈ B with
σibσ
−1
i = txi+1,i
(
πh−1
)
yi+1(s)xi+1,i
(
πh−1
)−1
t−1 = txi+1
(
πh−1(1 − s))yi+1(s)t−1 /∈ B.
Hence σiBσi = B . 
For q = 2 this is sufficient to show that B and N form a BN -pair for H , but when q = 2
it transpires that Lemma 19 no longer holds.
Theorem 20.
(i) If q = 2, then B and N form a BN -pair for H with elementary abelian Weyl group;
(ii) If q = 2, then B is normal in H and H/B  N .
Proof. (i) Suppose that q = 2. By Lemma 17, B and N together generate H . Further,
B ∩ N = {1} is trivially normal in H and N/(B ∩ N) = N is generated by the set of
involutions {σ1, . . . , σn−1}. The result then follows from Proposition 18 and Lemma 19.
(ii) Now suppose that q = 2. For each i we must have σiBσ−1i = B since [Hi : B] = 2.
Thus ωJBω−1J = B for each J ⊆ S and so B is normal in H , since B and N generate H .
Finally, N forms a complete set of right coset representatives for B in H . 
When q = 2 the subgroupsHJ are exactly the parabolic subgroups of H as a finite group
with BN -pair. Thus the expression for χ as an alternating sum of permutation characters
is identical to the formula for the Steinberg character of H given by Curtis [2]. Similarly,
when q = 2 the quotient groups HJ/B are the parabolic subgroups of the Coxeter group
H/B and so the expression for χ is the inflation to H of Solomon’s formula [6] for the
sign character of H/B .
Corollary 21.
(i) If q = 2, then χ is the Steinberg character of H ;
(ii) If q = 2, then χ is the sign character of H/B inflated to H .
Remark 22. This result can be seen in the construction of Sth given by Lees [4]. Let ∆ be
the simplicial complex whose vertices are the conjugates in G of the parabolic subgroups
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The action of G on ∆ by conjugation gives rise to an action on its homology spaces and the
analogue Sth of the Steinberg character was defined by Lees to be the character afforded
by the top homology space.
Now consider the subcomplex ∆′ of ∆ obtained taking only the conjugates in H . The
action of G on ∆ restricts to an action of H on ∆′ and, moreover,
∆ =
⋃˙
t∈T
t ·∆′,
where T is a left transversal for H in G. Consequently, for each 
H(∆,Z) = IndGHH(∆′,Z)
and, in particular, the character afforded by the top homology space of ∆ is induced from
the character afforded by the top homology space of ∆′.
However, when q = 2 the subcomplex ∆′ is actually the combinatorial building for H
[7] and when q = 2 it is the Coxeter complex for H/B [6]. Thus the top homology space of
∆′ affords either the Steinberg character of H or the sign character of H/B inflated to H .
6. Clifford theory for χ
As χ is either the Steinberg character of H or the sign character of H/B inflated to H
we know that it must be irreducible. Consequently, to show that Sth is irreducible it suffices
to show that χ induces irreducibly. In fact we can obtain more information about Sth in
this manner. We begin by describing the character χ in more detail.
Lemma 23. χ(1) = (q − 1)n−1.
Proof. Using the expression of χ as an alternating sum of permutation characters, we see
that
χ(1) =
∑
J⊆S
(−1)|J |[HS : HJ ] =
∑
J⊆S
(−1)|J |q |S|−|J | = (q − 1)n−1. 
Consider the normal subgroup
V = {[ri,j ] ∈ H : ri,i ∈ 1 + m for each i}
of H . It is clear that
B ∩ V = {[ri,j ] ∈ B: ri,i ∈ 1 +m for each i}
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X = {x2,1(r1) · · ·xn,n−1(rn−1): ri ∈ mh−1 for each i},
then we see that V/(B ∩ V )  X. Thus, any irreducible character λ of X extends to an
irreducible character λ˜ of V .
Now, given a linear character λi of the subgroup
Xi =
{
xi+1,i(r): r ∈ mh−1
}
of X for each 1 i  n − 1, we can define a linear character λ of X by
λ
(
x2,1(r1) · · ·xn,n−1(rn−1)
)= λ1(x2,1(r1)) · · ·λn−1(xn,n−1(rn−1))
and, conversely, each linear character λ of X is uniquely determined in this way by taking
λi = λXi . In particular, consider the set X of linear characters λ of X with λXi = 1Xi for
each i . The number of such linear characters turns out to be the same as the degree of χ .
Lemma 24. |X| = (q − 1)n−1.
Proof. The group Xi is abelian of order q so there are q − 1 choices of non-trivial linear
character λi for each i , giving a total of (q − 1)n−1 possibilities for each λ in X. 
Indeed, the characters in X give a description of the restriction of χ to V .
Proposition 25. χV =∑λ∈X λ˜.
Proof. Let λ ∈ X. By Frobenius reciprocity and Mackey theory,
(λ˜, χV ) =
∑
J⊆S
(−1)|J |(λ˜, ((1HJ )H )V )= ∑
J⊆S
(−1)|J |(λ˜HJ ∩V ,1HJ ∩V ). (4)
For each ∅ = J ⊆ S and any j ∈ J we have Xj HJ ∩ V . Therefore
0 (λ˜HJ ∩V ,1HJ∩V ) (λXj ,1Xj ) = 0.
Consequently, the J = ∅ terms in (4) disappear and we obtain
(λ˜, χV ) = (λ˜B∩V ,1B∩V ) = 1.
Thus for each λ ∈ X the linear character λ˜ appears as a constituent of Sth with multiplicity 1
and the result follows since the number of λ in X is the same as the degree of χ . 
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Next we want to consider the permutation character (1P )G for any parabolic subgroup P
of G. By Mackey theory,
(
(1P )G
)
H
=
∑
g∈D(H,P )
(1gPg−1∩H)H ,
where D(H,P ) denotes a complete set of (H,P )-double coset representatives in G. Thus
we would like to be able to obtain some information about the subgroup gPg−1 ∩ H .
However, we first need a description of the (H,P )-double coset representatives.
Let G1 = GLn(F ) with its subgroup B1 of upper triangular matrices and recall that the
natural homomorphism η : G → G1 has kernel
K1 =
{[ri,j ] ∈ G: ri,i ∈ 1 + m and ri,j ∈ m for i = j}.
Under the homomorphism η any parabolic subgroup P of G is sent to a parabolic sub-
group P1 of G1 and, in particular, H is sent to B1. As B1 forms part of a BN -pair for G1,
the (B1,P1)-double coset representatives in G1 can be taken to be elements of W . While
the situation when h > 1 is more complicated, we are still able to give the following result
which is a weaker version of [3, Proposition 2.6].
Lemma 26. Each (H,P )-double coset has a representative of the form g = vw for some
v ∈ K1 ∩U− and w ∈ W .
From now on we will assume that every (H,P )-double coset representative is of this
form and that, in particular, the representative for the double coset HP is the identity.
Proposition 27. For any (H,P )-double coset HgP with g = 1, there exists an i so that
for each r ∈ mh−1 we have gbg−1 = xi+1,i(r)b′ for some b, b′ ∈ B ∩ V .
Proof. By Lemma 26 we may assume that g = vw for some v ∈ K1 ∩ U− and w ∈ W .
We will prove the result by considering a variety of different cases for g and finding b
explicitly in each case.
Case 1. Suppose that w = 1. There must be an i so that w−1xi+1,i(r)w ∈ U for every
r ∈ mh−1. Thus, fixing r ∈ mh−1 we see that b = w−1xi+1,i(r)w gives b ∈ B ∩ V with
gbg−1 = vxi+1,i(r)v−1 = xi+1,i(r).
Case 2. Now, suppose that w = 1 so that g = [ri,j ] ∈ K1 ∩ U−. For each i > j let 1 
ai,j  h be such that ri,j ∈ πai,j R× and set a = min{ai,j : i > j }. We may then choose a
pair (k, l) with k > l and ak,l = a which is maximal with respect to k − l.
Case 2(i). If k − l > 1, then for any s ∈ mh−a−1 we have xl,k−1(s) ∈ B ∩ V . We will
consider the commutator [xi,j (ri,j ), xl,k−1(s)] for each i > j .
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Thus ri,j s = 0 and so [xi,j (ri,j ), xl,k−1(s)] = 1. Further, for (i, j) = (k, l) we see that
[xi,j (ri,j ), xl,k−1(s)] = xk,k−1(rk,ls). Finally, for (i, j) = (k, l) with i − j  k − l, since
r2i,j s = 0, we obtain
[
xi,j (ri,j ), xl,k−1(s)
]=


1, if i = k − 1, j = l;
xi,k−1(ri,j s), if i = k − 1, j = l;
xk,j (−ri,j s), if i = k − 1, j = l;
yk−1(1 + ri,j s)yl(1 − ri,j s)xl,k−1
(
ri,j s
2), if i = k − 1, j = l.
However, j = l implies that i − j < k − l and so i  k − 1. Similarly, i = k − 1 and
i > j implies that k  j . Thus [xi,j (ri,j ), xl,k−1(s)] ∈ B ∩ V for each (i, j) = (k, l) with
i − j  k − l.
Now, [xi,j (ri,j ), xl,k−1(s)] lies in the centre of K1 for each i > j . Consequently,
[∏
i>j
xi,j (ri,j ), xl,k−1(s)
]
=
∏
i>j
[
xi,j (ri,j ), xl,k−1(s)
]= xk,k−1(rk,ls)v′,
where
v′ =
∏
i>j,
(i,j) =(k,l)
[
xi,j (ri,j ), xl,k−1(s)
] ∈ B ∩ V.
Hence, if we fix r ∈ mh−1 and choose s ∈ R so that rk,ls = r , then setting b = xl,k−1(s) ∈
B ∩ V gives gbg−1 = xk,k−1(r)v′b where v′b ∈ B ∩ V .
Case 2(ii). Finally, suppose that k− l = 1. Without loss of generality, we may suppose that
we chose the maximal k with ak,k−1 = a. Then, since g /∈ H , this means that a = h−1 and
for any s ∈ 1 +mh−a−1 we have yk−1(s) ∈ B ∩V . Again we will consider the commutator
[xi,j (ri,j ), yk−1(s)] for each i > j .
By the choice of (k, l), for every (i, j) with i − j > 1 or i − j = 1 and i > k we have
ai,j > a. Thus ri,j s = 0 and [xi,j (ri,j ), yk−1(s)] = 1. Further, for (i, j) = (k, k − 1) we
obtain [xi,j (ri,j ), yk−1(s)] = xk,k−1(rk,ls) and finally for (i, i − 1) with i < k we see that
[xi,j (ri,j ), yk−1(s)] = 1. Thus
[∏
i>j
xi,j (ri,j ), yk−1(s)
]
=
∏
i>j
[
xi,j (ri,j ), yk−1(s)
]= xk,k−1(rk,ls).
Hence, if we fix r ∈ mh−1 and again choose s ∈ R so that rk,ls = r , then setting b =
yk−1(s) ∈ B ∩ V gives gbg−1 = xk,k−1(r)b with b ∈ B ∩ V . 
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Combining the results from Sections 6 and 7, we are able to calculate the inner product
of the analogue of the Steinberg character with the permutation character (1P )G over any
parabolic subgroup P .
Proposition 28. (Sth, (1P )G) = (χ, (1P∩H)H ) for any parabolic subgroup P .
Proof. The intertwining number theorem gives
(
Sth, (1P )G
)= (χG, (1P )G)= ∑
g∈D(H,P )
(χgPg−1∩H ,1gPg−1∩H ). (5)
By Proposition 27, we know that for each g ∈D(H,P ) with g = 1 there must exist an i
so that for every r ∈ mh−1 we have gbrg−1 = xi+1,i(r)b′r for some br, b′r ∈ B ∩ V . Let
Y = 〈gbrg−1: r ∈ mh−1〉, then Y  gPg−1 ∩H . Further, for each λ ∈ X and r ∈ mh−1 we
see that
λ˜(gbrg
−1) = λ˜(xi+1,i(r)b′r)= λ˜(xi+1,i(r))λ˜(b′r ) = λ(xi+1,i(r)).
Hence λ˜Y = 1Y and, since we also have Y  V , by Proposition 25,
0 (χgPg−1∩H ,1gPg−1∩H) (χY ,1Y ) =
∑
λ∈X
(λ˜Y ,1Y ) = 0.
Thus the g = 1 terms in (5) disappear and we are left with
(
Sth, (1P )G
)= (χP∩H ,1P∩H) = (χ, (1P∩H)H ). 
Corollary 29. For any parabolic subgroup P ,
(
Sth, (1P )G
)= {1, if P = B,0, if P = B.
Proof. Clearly P ∩ H is a parabolic subgroup of H . Thus Proposition 28 together with
Curtis’ characterisation of the Steinberg character, and the corresponding result for the sign
character in the case where q = 2, give
(
Sth, (1P )G
)= {1, if P ∩H = B,0, if P ∩H = B.
The result follows since P ∩H = B if and only if P = B . 
The characterisation of Sth is then a simple consequence of Corollary 29 and its expres-
sion as an alternating sum of permutation characters.
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Sth(1) = qn(n−1)(h−1)/2−(n−1)
n∏
k=2
(
qk − 1). (6)
Moreover, it is the unique irreducible constituent of (1B)G which is not a constituent of
(1P )G for any parabolic subgroup P strictly containing B .
Proof. Using Corollary 29, we see that
(Sth,Sth) =
∑
J⊆S
(−1)|J |(Sth, (1HJ )G)= (Sth, (1B)G)= 1
and so Sth is an irreducible constituent of (1B)G. Further, Sth cannot be a constituent of
(1P )G for any parabolic subgroup P which strictly contains B since (Sth, (1P )G) = 0.
Conversely, suppose that ζ is an irreducible constituent of (1B)G which is not a con-
stituent of (1P )G for any parabolic subgroup P strictly containing B . In particular, this
means that (ζ, (1B)G) > 0 and (ζ, (1P )G) = 0 for any parabolic subgroup P which strictly
contains B . Hence,
(ζ,Sth) =
∑
J⊆S
(−1)|J |(ζ, (1HJ )G)= (ζ, (1B)G)> 0
and, since ζ and Sth are both irreducible, we must have ζ = Sth.
Finally, Sth = χG implies that Sth(1) = [G : H ]χ(1) and so (6) follows immediately
from Lemmas 5(iii) and 23. 
Remark 31. Recall from [3, Definition 5.4] that the Gelfand–Graev character for G was
defined by Hill to be Γ0 = θG where θ is any linear character of U such that θX+i = 1X+ifor each subgroup X+i = {xi,i+1(r): r ∈ mh−1}.
By the intertwining number theorem, we see that
(Sth,Γ0) =
(
χG, θG
)= ∑
g∈D(H,U)
(
χgUg−1∩H , θ
g
gUg−1∩H
)
.
In particular, we may take one of these representatives to be w0, the permutation of max-
imal length in W , which gives w0Uw−10 ∩ H = X. Further, for each r ∈ mh−1 we see
that
θw0
(
xi+1,i(r)
)= θ(w−10 xi+1,i(r)w0)= θ(x −1 −1 (r))w0 (i+1),w0 (i)
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w−10 (i+1),w−10 (i)(r) ∈ X
+
w−10 (i+1)
. Consequently, the non-degeneracy of θ implies that
θ
w0
Xi
= 1Xi for each i , and so θw0X ∈ X. Hence
(Sth,Γ0)
(
χX, θ
w0
X
)= ∑
λ∈X
(
λ, θ
w0
X
)= 1
and Sth is an irreducible constituent of both the permutation character (1B)G and the
Gelfand–Graev character Γ0. Thus Sth and the analogue of the Steinberg character con-
sidered by Hill must be the same.
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